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Abstract

We present a novel approach for studying the kinetics of protein folding. The framework has evolved from a
robotics motion planning technique called probabilistic roadmap methods (prms) that has been applied in many
diverse �elds with great success. In our previous work, we applied this method to study protein folding pathways
of several small proteins and obtained some very encouraging results.

In this paper, we describe how we applied our motion planning framework to the study of protein folding
kinetics. In particular, we present a re�ned version of our motion planning framework and describe how it can be
used to produce potential energy landscapes, free energy landscapes, and many folding pathways all from a single
roadmap which is computed in a few hours on a desktop PC. Results are presented for 14 proteins. Our ability
to produce large sets of unrelated folding pathways may potentially provide crucial insight into some aspects of
folding kinetics, such as proteins that exhibit both two-state and three-state kinetics, that are not captured by
other theoretical techniques.
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Figure 1: Snapshots of a carton folding.

(a) (b) (c) (d)

Figure 2: Snapshots of a 10 ALA chain folding.

1 Introduction

There are large and ongoing research e�orts whose
goal is to determine the native structure of a protein
from its amino acid sequence (see, e.g., [23, 30]). In
this paper, we assume the native structure is known,
and our focus is on the study of protein folding ki-
netics and mechanisms. This is also a very important
research area which has taken on increased practical
signi�cance with the realization that misfolded or only
partially folded proteins are associated with many dev-
astating diseases [19]. Yet, despite intensive e�orts by
both experimentalists and theorists to understand the
behavior and mechanism of the folding process, there
are still many questions to be answered.

In previous work [33], we proposed a technique for
computing protein folding pathways that was based
on the successful probabilistic roadmap (prm) [18]
method for robotics motion planning. We were in-
spired to apply this methodology to protein folding
based on our success [32] in applying it to folding prob-
lems such as carton folding (with applications in pack-
aging and assembly [25]), and paper crafts (studied in
computational geometry [28]). For example, note the
parallels between the periscope paper model folding
and the small polypeptide folding in the path snap-
shots shown in Figures 1 and 2, respectively. In [33],
promising results were obtained for several small pro-
teins (� 60 amino acids) and we validated our path-
ways by comparing the secondary structure formation
order with known experimental results.

As evidence of the insight that might be provided
with our approach, we demonstrated (see [33]) how an
analysis of the pathways contained in our roadmaps
showed evidence of the two classes of folding kinetics
described by Baldwin and Roses [6]. For example, we
noted that in our simulations, the three alpha helices

in Protein A always formed �rst before packing into
the �nal tertiary structure. In contrast, Protein G
(domain B1), a small � + � protein seemed to form
the secondary structure gradually on the way to the
tertiary structure. Moreover, as we will also see, this
behavior could in fact be inferred from the distribution
of the conformations contained in our roadmaps.

In this paper, we present a re�ned version of our
motion planning framework and describe how it can
be used to eÆciently produce potential energy land-
scapes, free energy landscapes, and many folding path-
ways all from a single roadmap which is computed in
a few hours on a desktop PC. As discussed below, the
unique ability of our method to produce large sets of
unrelated folding pathways may potentially provide
crucial insight into some aspects of folding kinetics
that are not captured by other theoretical techniques,
such as some proteins displaying both two-state and
three-state folding behaviors.

In the following, we �rst discuss related work and
then give an overview of our work.

Related work. There are many interesting ex-
perimental results that have yet to be adequately ex-
plained or captured by theoretical models. For ex-
ample, Baldwin and Rose [6] noted that the folding
kinetics of small proteins display two classes of fold-
ing behavior. In some cases, a protein folds by form-
ing native-like secondary structure (e.g., Cytochrome
C), and in other cases the protein seems to fold
rapidly through a possible tertiary nucleation mech-
anism (e.g., CI2). Theoretical approaches capable of
identifying both behaviors are needed.

Another interesting experimental result observed
by Baker's group [1] suggests that the folding pro-
cess for small proteins is mainly determined by native
state topolgy. Based on this experimental observa-
tion, Baker et al. [2, 5] proposed a statistical mechan-
ical model that uses the topology of the native state
to predict folding rates and mechanisms. This insight
had been made earlier by Mu~noz et al. [27] in their
study of �-hairpin kinetics and was later used in the
kinetics study of 20 plus proteins [26] with quite im-
pressive results. However, despite the success of these
models, there still exist many questions and uncertain-
ties about the choices for the free energy functions and
the reaction coordinates, which strongly a�ect the re-
sults of the models. Finally, there is experimental data
suggesting that some proteins, such as hen egg-white
Lysozyme, display di�erent kinetic behavior (e.g., two-
state or three-state) along di�erent pathways [10, 29],
which would be very diÆcult (if not impossible) to
capture with statistical mechanical models.

Other theoretical methods include analytical ap-
proaches [9], simulation of lattice models [9], and all-
atom molecular dynamics simulations [13]. However,
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despite possessing unique strengths and advantages,
all these approaches have their weakness. For exam-
ple, molecular dynamics simulations usually are very
computationally-intensive and time-dependent. They
are also heavily dependent on the initial conformation
and can easily result in local minima. In general, most
of the proposed techniques have tremendous computa-
tional requirements because they attempt to simulate
complex kinetics and thermodynamics at every point
they visit in conformation space.

Our contribution. As mentioned above, our ap-
proach to protein folding is to use the prm technique,
originally proposed in the robotics motion planning
community, to map a protein's potential and free en-
ergy landscapes. Our work provides an alternative ap-
proach that �nds approximations to the folding path-
ways while avoiding local minima and detailed simu-
lations. In particular, our technique can produce po-
tential landscapes, free energy landscapes, and many
folding pathways in a single run which usually takes
only a few hours on a desktop PC for a small pro-
tein. This increased eÆciency enables us to compute
roadmaps containing a representative set of feasible
folding pathways from many (hundreds or thousands)
denatured conformations to the known native state.
To illustrate our technique, we analyze folding path-
ways in terms of secondary structure formation order
for many proteins, and compare and validate them
with experimental results when available.

Another aspect of our work is that the large set of
unrelated folding pathways present in our roadmaps
provides an opportunity to study folding kinetics by
directly analyzing folding pathways. This appears to
be a more natural way to study kinetics, and should
in principle enable us us to capture multi-state fold-
ing kinetic behaviors if they exist. For example, both
two-state and three-state folding kinetics of hen egg-
white Lysozyme should be present in a good roadmap.
Folding pathways have not been used to study such
complex behaviors since it was diÆcult, if not impos-
sible, to �nd witnesses of mechanisms with previous
simulation methods.

2 A Probabilistic Roadmap

Method for Protein Folding

Our approach to protein folding is based on the prob-
abilistic roadmap (prm) approach for motion plan-
ning [18]. Typically, prms are used to construct a
map of the feasible regions of the environment which
can be used subsequently to answer many, varied mo-
tion planning queries. Brie
y, prms work by sampling
points `randomly' from the movable object's con�gu-

ration space1, and retaining those that satisfy certain
feasibility requirements (e.g., collision-free con�gura-
tions, see Figure 3(a)). Then, these points are con-
nected to form a graph, or roadmap, using some sim-
ple `local' planning method to connect `nearby' points
(see Figure 3(b)). During query processing, paths con-
necting the start and goal con�gurations are extracted
from the roadmap using standard graph search tech-
niques (see Figure 3(b).)

C−obst

C−obst
C−obst

C−obst

PRM Roadmap − after Node Generation

C−Space

(a)

start

C−obst

C−obst
C−obst

C−obst

goal

C−Space

PRM Roadmap − Query 

(b)

Figure 3: A prm roadmap in C-space. A prm roadmap:
(a) after node generation, and (b) after the connection
phase and being used to solve a query.

A major strength of prms is that they are quite sim-
ple to apply, even for problems with high-dimensional
con�guration spaces, requiring only the ability to ran-
domly generate points in C-space, and then test them
for feasibility (local connection can often be performed
using multiple applications of the feasibility test).

In previous work, we proposed the prm framework
as a methodology for studying protein folding when
the native structure is known [33]. The main di�erence
from the usual prm application is that the collision de-
tection feasibility test is replaced by a preference for
low energy conformations. We obtained very promis-
ing results for several small proteins (e.g., proteins A
and GB1, both with approximately 60 residues), and
in particular, we showed that the pathways extracted
from our roadmaps seemed to be in agreement with
known experimental results [24].

2.1 Modeling Proteins (C-space)

The amino acid sequence is modeled as a multi-link
tree-like articulated `robot', where 
exible positions
(e.g., atomic bonds) correspond to joints and rigid por-
tions (e.g., atoms) correspond to links. Using a stan-
dard modeling assumption for proteins [34], the only
degrees of freedom (dof) in our model of the backbone
are the phi and psi torsional angles, which we model
as two revolute joints (2 dof); all atomic bond lengths
and bond angles are assumed to be �xed. Moreover,

1The movable object's con�guration space, or C-space, is

the set of all positions and orientations of the movable object,

feasible or not [20].
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side chains are modeled as spheres and have zero dof.
Thus, the model for a k residue sequence will consist
of 2k links and 2(k � 1) revolute joints. (The two
rotations at the ends don't contribute.)

Since we are not concerned with the absolute posi-
tion and orientation of the protein, a conformation of
an n+1 amino acid protein can be speci�ed by a vec-
tor of 2n phi and psi angles, each in the range [0; 2�),
with the angle 2� equated to 0, which is naturally as-
sociated with a unit circle in the plane, denoted by S1.
That is, the conformation space (C-space) of interest
for a protein with n+1 amino acids can be expressed
as:

C = fq j q 2 S2ng: (1)

Note that C simply denotes the set of all possible
conformations, but says nothing about their feasibil-
ity. For protein folding, the validity of a point in C
will be determined by potential energy computations.

2.2 Node generation

Recall that in our work we begin with the known
native structure and our goal is to map the protein-
folding landscape leading to the native fold. The ob-
jective of the node generation phase is to generate a
representative sample of conformations of the protein.

Due to the high dimensionality of the conformation
space, simple uniform sampling would take too long to
provide suÆciently dense coverage of the region sur-
rounding the native structure. In our previous work
[33], sampling was biased by sampling from a selected
set of normal distributions centered around the native
structure, which was represented by its phi/psi angles.
This strategy was seen to work well for small proteins
(60 � 80 residues), but was not as e�ective in gener-
ating conformations far from the the native state for
larger proteins.

In this paper, we use another biased sampling strat-
egy which has been more successful for larger proteins
(> 100 residues). It still focuses sampling around the
native state, but instead of sampling from a set of
normal distributions always centered around the na-
tive state, we generate new conformations by itera-
tively applying small perturbations to existing confor-
mations. This version appears to produce smoother
distributions and is much faster.

Similar biased sampling strategies have been ap-
plied successfully in robotics applications [3, 8, 15,
16, 17, 21, 35], where oversampling in and near nar-
row passages in C-space is crucial for some problems.
Also, as described in Section 1, Alm and Baker [5, 2]
and Mu~noz and Eaton [26] have used knowledge of
the topology of the native state to predict the folding
rates and mechanisms of some proteins.

2.2.1 Sampling strategy

To ensure we obtain an adequate coverage of the
conformation space, we partition conformations into
sets, or bins, according the number of native contacts
present, and continue generating nodes until all bins
have enough conformations. A native contact is a pair
of C� atoms within 7 �A of each other in the native
state, and the contact number of a conformation is de-
�ned as the number of native contacts it has. Our bins
are based on the contact number and are equal-sized
(we choose bin size of 10). The number of bins is pro-
portional to the total number of native contacts in the
native state.

We initiate the process by generating a number of
conformations very close to the native state by slightly
perturbing the native phi/psi angles, e.g., by sampling
from a normal distribution with a small standard devi-
ation (e.g., 1Æ). After the joint angles are known, the
coordinates of each atom in the system are calculated,
and these are then used to determine the potential en-
ergy of the conformation (see Section 3.1). A node q
is accepted and added to the roadmap based on its
potential energy E(q) with the following probability:

P (accept q) =

8<
:

1 if E(q) < Emin
Emax�E(q)

Emax�Emin
if Emin � E(q) � Emax

0 if E(q) > Emax

This �ltering/acceptance test, which helps us retain
more nodes in low energy regions, was also used when
building prm roadmaps for ligand binding [7, 31] and
in our previous work on protein folding [33].

We also compute the contact numer of the ac-
cepted nodes and place them in the appropriate bins.
Then, we begin an iterative process to generate more
nodes. We randomly pick Nfront nodes from the low-
est bin (with highest contact numbers) as origins for
a set of normal distributions with standard deviations
f3Æ; 5Æ; 10Æ; 20Æ; 40Æg. Each selected seed node will be
used to generate as many asNchildren nodes. Each new
node that passes the acceptance test is placed in the
appropriate bin. If the next bin has enough nodes (i.e.,
at least Nfront), then the next iteration moves to that
bin. Otherwise, more nodes are generated using seeds
from the current bin. The process continues until all
bins are �lled.

2.2.2 Distribution of nodes

A dramatic e�ect already starts to emerge after node
generation. The potential vs. RMSD distributions for
several proteins are shown in Figure 4. Note the con-
trast between the distributions for all alpha (a and d)
and all beta (c and f) proteins, even though our sam-
pling technique does not utilize information regarding
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Figure 4: The potential vs RMSD distribution, or the 'landscape', for proteins (a) A, (b) GB1, (c) CTX III, (d) Cytochrome
c, (e) hen egg white Lysozyme, and (f) �-Amylase Inhibitor. The two proteins in the �rst (left) column are all alpha proteins,
the middle column contains mixed alpha and beta proteins, and the third (right) column contains all beta proteins.

secondary structure. These distributions seem to re-

ect the fact that all alpha proteins tend to fold di�er-
ently from all beta proteins. In particular, all alpha
proteins tend to form the helices �rst, and then the
helices pack together to form the �nal tertiary struc-
ture. In the �gure, this packing of helices is seen as
the narrow `tail' in the distribution where the poten-
tial changes very little as the RMSD approaches zero.
In contrast, the distributions for the all beta proteins
are much smoother, indicating that the secondary and
the tertiary structure may be formed simultaneously.
For the mixed alpha and beta proteins, the plots share
some features of the plots for both the all alpha and
the all beta proteins. And moreover, the degree of
similarity seems to be related to the proportion of the
protein composed of a particular secondary structure.
For example, hen egg-white Lysozyme (e), whose sec-
ondary structure is mainly alpha, has a similar dis-
tribution to the all alpha Cytochrome C (d), and the
distribution for protein GB1 (b), which is more beta
than alpha, is similar to the all beta protein CTX III
(c).

2.3 Connecting the roadmap

Connection is the second phase of roadmap construc-
tion. The objective is to obtain a roadmap encoding
representative, low energy paths. For each roadmap
node, we �rst �nd its k nearest neighbors, for some
small constant k, and then try to connect it to them
using some simple local planner. In our results, k = 20
and the distance metric used was Euclidean distance
in C. We also experimented with RMSD distances,
and found that the Euclidean distance was not only
faster (by a factor of 5-10), but also resulted in better,
denser connection.

Each connection attempt performs feasibility
checks for n intermediate conformations between the
two corresponding nodes as determined by the chosen
local planner (the number of such conformations is de-
termined by the desired resolution which may be set
by the user). In our simulations, we use the common
straight-line local planner, which interpolates without
bias along the straight line in C connecting the two
roadmap nodes [4].

When two nodes q1 and q2 are connected by
the local planner, the corresponding edge is added
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to the roadmap. We associate a weight with
each edge (q1; q2). The weight is computed by
examining the sequence of conformations fq1 =
c0; c1; c2; : : : ; cn�1; cn = q2g on the straight line in C
connecting q1 and q2. For each pair of consecutive
conformations ci and ci+1, the probability Pi of mov-
ing from ci to ci+1 depends on the di�erence between
their potential energies �Ei = E(ci+1)�E(ci).

Pi =

�
e
��Ei

kT if �Ei > 0
1 if �Ei � 0

(2)

This keeps the detailed balance between two adjacent
states, and enables the weight of an edge to be com-
puted by summing the logarithms of the probabilities
for consecutive pairs of conformations in the sequence.
(Negative logs are used since each 0 � Pi � 1.)

w(q1; q2) =

n�1X
i=0

�log(Pi); (3)

By assigning the weights in this manner, we can �nd
the most energetically feasible path in our roadmap
when performing queries. A similar weight function,
with di�erent probabilities, was used in [31].

2.4 Extracting Folding Pathways

The roadmap is a map of the protein-folding landscape
of the protein. One way to study this landscape is to
inspect and analyze the pathways it contains.

The resulting roadmap can be used to �nd a feasible
path between a given initial conformation (e.g., any
denatured conformation) and the native structure. If
the start conformation is not already in the roadmap,
then we can simply connect it to the roadmap just as
was done for the other roadmap nodes during the con-
nection phase (Section 2.3), and then use Dijkstra's al-
gorithm [11] to �nd the smallest weight path between
the start and goal conformations.

However, one major feature of our approach is that
the roadmap contains many folding pathways, which
together represent the folding landscape. Moreover,
it is easy to extract all such paths by computing the
single-source shortest-path (SSSP) tree from the na-
tive structure. Using Dijkstra's algorithm, this takes
O(V 2) time, where V is the number of roadmap nodes.

To facilitate the analysis of the roadmap's path-
ways, it is useful to reduce the number that must ana-
lyzed by clustering `similar' pathways. We do this by
truncating our SSSP tree at denatured conformations,
i.e., those with very little structure. While there are
many possible de�nitions of little structure, we classify
a conformation as such if it has no formed secondary

structures (such as �-helices) and no contacts between
secondary structures (such as between two � strands of
a sheet). We determine that a structure is not present
if less then 10% of the necessary native contacts for
that secondary structure are present.

3 Energy Computations

Our technique uses the potential energy of a confor-
mation during roadmap construction. We also use the
free-energy to assist in the analysis of our paths.

3.1 Potential energy

As previously mentioned, the way in which a protein
folds depends critically on the potential energies of
the conformations on the folding pathway. Our prm
framework incorporates this bias by accepting confor-
mations based on their potential energy (Section 2.2)
and by weighting roadmap edges according to their
energetic feasibility (Section 2.3). Our framework is

exible enough to use any method for computing po-
tential energies. Our current work uses a very sim-
plistic potential. As the strengths and weaknesses of
our approach are better understood, we can easily in-
corporate more sophisticated computations as deemed
necessary. For example, we might retain a simple func-
tion for roadmap construction, but use a more sophis-
ticated and expensive function for the query process,
or for evaluating/improving already computed folding
pathways.

We now describe the simple potential function used
in the results presented here. For potential energy
calculations, we start with:

Utot =
X

restraints

Kdf[(di � d0)
2 + d2c ]

1=2 � dcg

+
X

atom pairs

(A=r12ij �B=r6ij); (4)

which is similar to the potential used in [22]. The �rst
term represents constraints which favor the known sec-
ondary structure through main-chain hydrogen bonds
and disulphide bonds. The van der Waals interaction
among atoms is considered in the second term. All
parameters can be found in [22].

We can use this potential for small problems, such
as the 10 ALA polypeptide we have studied, when
the computational requirements are relatively mild.
However, even for relatively small proteins (around 60
residues), there are nearly one thousand atoms. Non-
hydrogen atoms also number in the hundreds. There-
fore, performing all pairwise van der Waals potential
calculations (the second summation) can be computa-
tionally intensive. To reduce this cost, we use a step
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function approximation of the van der Waals poten-
tial component and our approximation considers only
the contribution from the side chains, where we model
each side chain with a �xed-size rigid sphere (a fur-
ther approximation). The side chain was chosen for
this purpose because it mainly re
ects the geometric
con�guration of a residue. By doing this, the compu-
tational cost is reduced by two orders of magnitude.
Our results indicate that enough accuracy seems to be
retained to capture the main features of the interac-
tion for the proteins we study.

We have also included the hydrophobic e�ect in a
simplistic way. We assign a hydrophobicity value of 1
to all non-polar amino acids, and 0 to the rest. The hy-
drophobic e�ect is considered only when any two non-
polar amino acids come within some �xed distance we
set as 7 �A .

3.2 Entropy and Free Energy

While the potential energy is used to construct the
roadmap, the free-energy is used to analyze roadmap
paths and allows us to estimate and compare folding
rates.

There are three main components of our free energy
function: the hydrogen bond interaction, the entropy,
and the hydrophobic term. The van der Waals term
is not considered. Similar approximations were used
in Munoz and Eaton [26, 27] and Baker et al. [2] in
their statistical mechanical model. The strength for
the three terms is very similar to those used by Munoz
and Eaton [27].

For the hydrogen bond interaction, we check the
distance between all pairs of donors and acceptors
found in the native fold for a given conformation. If
any pair of atoms are within 3.0 �A of each other, we
consider that the hydrogen bond exists. We count the
total number of hydrogen bonds formed in that confor-
mation (Nhb), and then the hydrogen bond contribu-
tion to the free energy is Fhb = �0:86kcal=mol �Nhb.

For the entropy, we consider it as follows. Each time
a hydrogen bond is formed, the protein becomes more
constrained and loses some entropy, or its free energy
increases. For a given conformation with Nhb hydro-
gen bonds, we calculate the entropy by �rst calculating
the e�ective contact order (ECO) for each hydrogen
bond. Then the total entropy loss can be written as

[14]. �s =
PNhb

i logECOi, and then the total free en-
ergy change is: Fentropy = 6:0cal=mol=K�(300K)��s.

For the hydrophobic e�ect, for a given conformation
we check the distances between the C� atoms for all
hydrophobic residues. We count the number (Nhydro)

that are within 7 �A, and determine the e�ect on free
energy: Fhydrophobic = �2:19kcal=mol �Nhydro.

There are at least two things re
ected in this free

Description of Proteins

Name pdb res

Protein G domain B1 1GB1 56 1�+4�
Staphylococcus Protein A 1BDD 60 3�
SH3 domain �-spectrin 1SHG 62 5�
CI2 1COA 64 1�+4�
SH3 domain src 1SRL 64 5�
CspB form Bacillus subtilis 1CSP 67 7�
SH3 domain fyn 1NYF 67 5�
CspA 1MJC 69 7�
Tendamistat 2AIT 74 7�
Ubiquitin 1UBQ 76 1�+5�
SH3 domain PI3 kinase 1PKS 79 1�+5�
procarboxipeptidase A2 1PBA 81 3�+3�
ACBP bovine 2ABD 86 5�
Barnase 1BRN 110 3�+7�

Table 1: Proteins studied in this work. Proteins are listed
in ascending order of their number of residues (res). The
secondary structures (ss) of each protein are also listed.

energy function. One is that the free energy increase
by entropy loss is normally bigger than the free en-
ergy decrease due to the formation of hydrogen bonds.
However, proteins are still driven to fold because of
the third term, the hydrophobic e�ect. Another point
is the way entropy is calculated re
ects that proteins
normally prefer to form local contacts �rst to save en-
tropy loss [14].

4 Results and Discussions

In this work, our goal is to understand how proteins
fold to a known native structure, or more generally,
to understand the protein-folding landscape. Our fo-
cus is therefore not on fold prediction, but rather we
aim to understand folding kinetics to the known native
state and to gain insight into the underlying folding
mechanism since we desire to reproduce, or at least
approach, results close to experimental observations.

In this section we investigate how well the roadmaps
constructed using our prm-based technique map the
potential and free energy landscapes of the proteins.
We test our method on 14 small proteins that have
been the subject of other protein folding kinetics
studies [2, 26], In all cases, we construct the prm-
based roadmaps, compute the contact number of each
roadmap node, and analyze all folding pathways con-
tained in the SSSP tree as described in Section 2.4. For
each such pathway, we compute the formation order
of secondary structure on it, and compare this with
experimental results, if available. Finally, we try to
compare and contrast our results with those of previ-
ous protein folding kinetics studies [2, 26].
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Running Time and Roadmap Statistics

PDB res nodes edge time (h)

1GB1 56 5126 (5506) 70k 3.71
1BDD 60 5471 (9106) 104k 7.03
1SHG 62 5427 (5502) 59k 2.89
1COA 64 7975 (8407) 104k 6.87
1SRL 64 8755 (8822) 111k 4.95
1CSP 67 6735 (6852) 72k 4.67
1NYF 67 6219 (6332) 70k 3.42
1MJC 69 5990 (6142) 62k 4.30
2AIT 74 8246 (8477) 92k 7.11
1UBQ 76 8357 (10667) 119k 9.44
1PKS 79 7685 (10257) 95k 9.32
1PBA 81 8085 (10747) 114k 10.4
2ABD 86 7330 (12577) 149k 14.2
1BRN 110 6601 (10607) 108k 15.8

Table 2: Running Time for constructing roadmaps for
14 proteins and statistics for each roadmap, include nodes
connected to the native, total nodes (in parenthesis), and
the number connections (edges) among the nodes.

4.1 The Proteins

In this paper, we have studied 14 proteins, see Ta-
ble 1. In addition to protein G and protein A, which
we have been working with since the beginning, we
have selected 12 other proteins that were also stud-
ied Munoz and Eaton's [26] work studying the folding
kinetics of small proteins. Our work is greatly moti-
vated by theirs, as well as the work of Baker's group
[2].

For all proteins, we determine the secondary struc-
ture formation order from the paths in our roadmaps,
and we also study whether our approach can be used
to produce results similar to theirs [2, 26] when only
considering the global free energy landscape structure.

4.2 Running time and statistics

Traditional simulation methods usually produce fold-
ing pathways by choosing a proper force or potential to
drive the protein molecule in the conformation space.
Therefore, each execution produces only one folding
pathway, each of which might require enormous com-
putational requirements. Roadmap methods sacri�ce
accuracy (as much as is desired, which is a parameter)
in favor of rapid coverage, and hence are very e�ective
in avoiding entrapment in local minima. Table 2 shows
the running time needed to construct a reasonable size
of roadmap. It requires several hours for the smaller
proteins and only about 15 hours for the larger ones.
However, this, plus another few minutes or so ana-
lyzing the roadmap's connectivity graph, is all that is
needed to produce (approximately) the potential en-
ergy landscape (see Figure 4), the free energy land-

scape (see Figure 6), and multiple folding pathways in
a single run.

4.3 Secondary Structure formation or-
der and validation

In [33], we presented folding pathways of a few small
proteins in terms of their secondary structure forma-
tion order. These results were obtained in a rather
ad hoc fashion. Here, we describe a more rigorous
method of determining formation order which is based
on the formation order of the native contacts between
hydrophobic residues as in [14]. First, to determine
the hydrophobic contacts in the native state, we com-
pare all pairs of C� atoms of hydrophobic residues, and
those that are within 7 �A of each other are said to form
a native contact. Then, when analyzing a conforma-
tion q, if the corresponding C� atoms are � 7 �A apart,
we determine the contact is present in q; for each na-
tive contact, we record the time step on our path when
it appears. To determine when a secondary structure
appears, we compute the average appearance time for
the contacts which determine that structure. In addi-
tion to providing a more formal method of validation,
contact distances provide us with a tool for performing
more detailed analysis of the folding pathways.

Contact distance analysis was performed on the
paths for proteins GB1 and A. The results for protein
GB1 are shown in Figure 5. (See Appendix, Figure 8,
for Protein A results.) In the �gures, the full contact
matrix (among hydrophobic residues) is shown on the
right, and blow-ups of the indicated regions are shown
on the left. The cells of the blow-ups contain the time
step in which the indicated contact formed in our path.
For example, for protein GB1, blow-up I shows the
contact between residues 34 and 38 appeared at time
step 122 on our path. To get an approximation of the
time step in which a particular structure appeared, we
average the appearance time steps for all of its con-
tacts. It is clearly seen that the formation order is (I),
(II) or (III), and (IV), i.e., the � helix �rst, then �1
with �2, or �3 with �4, and at the end, �1 and �4 come
together.

Results for all 14 proteins studied are shown in Ta-
ble 3. Here, we list the potential secondary structure
formation order for all proteins. The formation order
for each protein shown in the table is the dominant
one found. For the proteins that are also listed in Li
and Woodward's paper describing hydrogen-exchange
experimental results [24], our results seem to be in
good agreement with known results. This gives us
some con�dence of our pathways before using them
to facilitate further study. using it further to study
more on folding kinetics. Moreover, the results could
be used to check or predict for those proteins without
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Figure 5: Protein GB1. The full contact matrix (right) and blow-ups (left) showing the time steps when the contacts
appear on our path. Blow-ups I, II, III, and IV correspond to the alpha helix contacts, the beta 1-2 contacts, the beta 3-4
contacts, and the beta 1-4 contacts, respectively.

experimental data. One fact clearly seen in the forma-
tion order for all proteins is that they all seem to form
local contacts �rst, and then those with increasing se-
quence contact order, like a zipper process as shown
in [12, 14].

4.4 Folding Kinetics: the 'global' ap-
proach vs. pathway level approach

Some recent statistical mechanical models have shown
impressive success in calculating/predicting folding ki-
netics of many small proteins [2, 26]. In this approach,
they use a simple model to calculate a protein's free
energy while choosing the number of native bonds as
reaction coordinates. To reduce the number of confor-
mations that must be tested, structure is only allowed
to form in a restricted number of localized regions in
the sequence (e.g., one, two or three distinct regions at
any given time). Then, the free energy of the confor-
mations is plotted with respect to the number of native
contacts present. The result is a free energy pro�le. It
was observed that for several small two-state proteins,
the folding rate could be computed from these pro�les.
Note that these pro�les are not related to any folding
pathway.

In terms of our method, these pro�les are roughly
equivalent to a plot of our roadmap nodes showing free
energy vs. contact number. That is, this plot repre-
sents a global analysis and can possibly yield average

folding rates, which may be accurate for small proteins
with single feature folding pathways. In Figure 6, we
show the free energy distribution vs. native contacts
for proteins A, G, CI2, and Ubiquitin. We chose these
four since we have their secondary structure forma-
tion order from experimental data. In all cases, the
results are in agreement with our simulations. (More
plots for other proteins are shown in the Appendix.)
One can see that any folding rates that might be in-
ferred clearly averages of the conformations with same
number of native contacts (or the same reaction coor-
dinates, to be general). As a result, it could easily
miss detailed information of the energy landscape.

Therefore, this averaging approach is limited and
potentially will miss subtle behavior. Morever, for
proteins like Hen egg white Lysozyme, which displays
two unique folding pathways, one with two-state be-
havior, and one with three-state behavior [10, 29],
averaging techniques like the statistical mechanical
model would not discover both behaviors. This is one
example where it seems to be crucial to have more de-
tailed pathway information, such as is available in our
roadmaps.

In Figure 7, the free energy pro�le, as well as the
native contacts, are plotted for proteins G, A, CI2,
and Ubiquitin. Similar plots for the other proteins are
shown in the Appendix. From the �gure one can see
the free energy pro�le is quite di�erent from pathway
to pathway, suggesting that protein molecules might

8



Secondary Structure Formation Order and Validation

pdb res. # secondary structure formation order exp.[24]

1GB1 56 �1, �3-�4, �1-�2, �1-�4 Agreed
1BDD 60 �2, �3, �1, �2-�3, �1-�3 Agreed
1SHG 62 (�2-�3 �3-�4), (�1-�2 �1-�5) N/A
1COA 64 �1, �3-�4, �2-�3, �1-�4, �1-�4 Agreed
1SRL 64 �4-�5, �3-�4, �2-�3, �1-�5, �1-�2 N/A
1CSP 67 �5-�6, �2-�3, �3-�4, (�1-�3 �4-�6 �5-�7), �1-�5 N/A
1NYF 67 �3-�4, �2-�3, �1-�2 N/A
1MJC 69 (�5-�6 �2-�3), (�3-�4 �1-�3), (�1-�5 �4-�6 �5-�7) N/A
2AIT 74 (�4-�5 �1-�2 �3-�4), (�3-�7, �2-�6, �1-�4), �1-�5, �1-�6 N/A
1UBQ 76 �1, �3-�4, �1-�2, �3-�5, �1-�5 Agreed
1PKS 79 �1, �2-�1, �3-�4, (�1-�2 �2-�3), �1-�5 N/A
1PBA 81 (�3 �1 �1-�2) �1-�1, �1-�2, �1-�3 N/A
2ABD 86 �3, �4-�5, �2, �4, �0, �5, �2-�3, �2-�4, �1-�4 N/A
1BRN 110 �1, �3, �2, �1-�2, �2-�3, �5-�6, �2-�4, �4-�5, �6-�7, �3-�4, �1-�2 Not sure

Table 3: THe secondary structure formation order on dominant pathways in our roadmaps for 14 proteins and some
validations. We show the formation order of both single secondary structures (like an �) and also for contacts between
two two secondary structures (such as two � strands). The parenthesis indicate there was no clear order among them. The
last column shows comparsions of our results with those from hydrogen-exchange experiments [24].
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Figure 6: Free energy landscape for proteins A, G, CI2, and Ubiquitin. The line in the middle is the average free energy
for all conformations with the same number of native contacts. Provided that native contacts is a good reaction coordinate,
this could be used to study folding kinetics as done by other researchers.

undergo di�erent folding kinetics at di�erent regions of
the conformation space. What is still needed is some
good way of analyzing and summarizing all the path-
ways in our roadmaps which will enable us to retain
the important details while reducing the total volume
of data. The development of such techniques is the
subject of on-going work.

5 Conclusion

In this paper, we present a re�ned version of our mo-
tion planning framework for studying protein folding
kinetics. We describe how it can be used to produce
potential energy landscapes, free energy landscapes,
and many folding pathways all from a single roadmap
which is computed in a few hours on a desktop PC.

Results are presented for 14 proteins, and are also
compared with results obtained by other methods such

as statistical mechanical models. Our ability to pro-
duce large sets of unrelated folding pathways may po-
tentially provide crucial insight into some aspects of
folding kinetics that are not captured by other theo-
retical techniques, such as proteins that exhibit both
two-state and three-state kinetics. Thus, our tech-
nique provides a way to study folding kinetics at the
pathway level.

Future work includes more detailed analysis of
pathways (e.g., grouping similar pathways) and cal-
culation of protein folding rates.

6 Acknowledgement

We would like to thank Ken Dill for many useful sug-
gestions and guidance for our work and Chris Sewell
for helping with the experiments. We would also like
to thank Jean-Claude Latombe for pointing out to us

9



the connection between box folding and protein fold-
ing, Marty Scholtz, Michael Levitt, and Vijay Pande
for useful suggestions.

References

[1] E. Alm and D. Baker. Matching theory and experi-
ment in protein folding. Curr. Op. Str. Bio., 9:189{
196, 1999.

[2] E. Alm and D. Baker. Prediction of protein-folding
mechanisms from free-energy landscapes derived from
native structures. Proc. Natl. Acad. Sci. USA,
96:11305{11310, 1999.

[3] N. M. Amato, O. B. Bayazit, L. K. Dale, C. V. Jones,
and D. Vallejo. OBPRM: An obstacle-based PRM for
3D workspaces. In Proc. Int. Workshop on Algorith-
mic Foundations of Robotics (WAFR), pages 155{168,
1998.

[4] N. M. Amato, O. B. Bayazit, L. K. Dale, C. V.
Jones, and D. Vallejo. Choosing good distance metrics
and local planners for probabilistic roadmap methods.
IEEE Trans. Robot. Automat., 16(4):442{447, August
2000. Preliminary version appeared in ICRA 1998,
pp. 630{637.

[5] D. Baker. A surprising simplicity to protein folding.
Nature, 405:39{42, 2000.

[6] R.L. Baldwin and G.D. Rose. Is protein folding hier-
archic? i. local structure and peptide folding. Trends
Biochem Sci., 24:26{33, 1999.

[7] O. B. Bayazit, G. Song, and N. M. Amato. Ligand
binding with OBPRM and haptic user input: Enhanc-
ing automatic motion planning with virtual touch. In
Proc. IEEE Int. Conf. Robot. Autom. (ICRA), pages
954{959, 2001. This work was also presented as a
poster at RECOMB'01.

[8] V. Boor, M. H. Overmars, and A. F. van der Stap-
pen. The Gaussian sampling strategy for probabilistic
roadmap planners. In Proc. IEEE Int. Conf. Robot.
Autom. (ICRA), pages 1018{1023, 1999.

[9] J.D. Bryngelson, J.N. Onuchic, N.D. Socci, and P.G.
Wolynes. Is protein folding hierarchic? i. local struc-
ture and peptide folding. Protein Struct. Funct.
Genet, 21:167{195, 1995.

[10] C.M.Dobson, A. Sali, and M. Karplus. Protein
folding: a perspective from theory and experiment.
Angew. Chem. Int. Ed., 37:868{893, 1998.

[11] T. H. Cormen, C. E. Leiserson, and R. L. Rivest. In-
troduction to algorithms. MIT Press and McGraw-Hill
Book Company, 6th edition, 1992.

[12] K. A. Dill, K. M. Fiebig, and H. S. Chan. Cooper-
ativity in protein-folding kinetics. Proc. Natl. Acad.
Sci. USA, 90:1942{6, 1993.

[13] Y. Duan and P.A. Kollman. Pathways to a protein
folding intermediate observed in a 1-microsecond sim-
ulation in aqueous solution. Science, 282:740{744,
1998.

[14] K. M. Fiebig and K. A. Dill. Protein core assembly
processes. J. Chem. Phys, 98(4):3475{3487, 1993.

[15] L. Han and N. M. Amato. A kinematics-based proba-
bilistic roadmap method for closed chain systems. In
Algorithmic and Computational Robotics { New Di-
rections (WAFR 2000), pages 233{246, 2000.

[16] D. Hsu, L. Kavraki, J-C. Latombe, R. Motwani, and
S. Sorkin. On �nding narrow passages with proba-
bilistic roadmap planners. In Proc. Int. Workshop on
Algorithmic Foundations of Robotics (WAFR), 1998.

[17] L. Kavraki. Random Networks in Con�guration Space
for Fast Path Planning. PhD thesis, Stanford Univ,
Computer Science Dept., 1995.

[18] L. Kavraki, P. Svestka, J. C. Latombe, and M. Over-
mars. Probabilistic roadmaps for path planning in
high-dimensional con�guration spaces. IEEE Trans.
Robot. Automat., 12(4):566{580, August 1996.

[19] P.T. Lansbury. Evolution of amyloid: What normal
protein folding may tell us about �brillogenesis and
disease. Proc. Natl. Acad. Sci. USA, 96:3342{3344,
1999.

[20] J. C. Latombe. Robot Motion Planning. Kluwer Aca-
demic Publishers, Boston, MA, 1991.

[21] S.M. LaValle, J.H. Yakey, and L.E. Kavraki. A prob-
abilistic roadmap approach for systems with closed
kinematic chains. In Proc. IEEE Int. Conf. Robot.
Autom. (ICRA), 1999.

[22] M. Levitt. Protein folding by restrained energy min-
imization and molecular dynamics. J. Mol. Bio.,
170:723{764, 1983.

[23] M. Levitt, M. Gerstein, E. Huang, S. Subbiah, and
J. Tsai. Protein folding: the endgame. Annu. Rev.
Biochem., 66:549{579, 1997.

[24] R. Li and C. Woodward. The hydrogen exchange core
and protein folding. Protein Sci., 8:1571{1591, 1999.

[25] L. Lu and S. Akella. Folding cartons with �xtures: A
motion planning approach. In Proc. IEEE Int. Conf.
Robot. Autom. (ICRA), pages 1570{1576, 1999.

[26] V. Mu~noz and W. A. Eaton. A simple model for cal-
culating the kinetics of protein folding from three di-
mensional structures. Proc. Natl. Acad. Sci. USA,
96:11311{11316, 1999.

[27] V. Mu~noz, E. R. Henry, J. Hoferichter, and W. A.
Eaton. A statistical mechanical model for �-hairpin
kinetics. Proc. Natl. Acad. Sci. USA, 95:5872{5879,
1998.

[28] J. O'Rourke. Folding and unfolding in computational
geometry. In Proc. Japan Conf. Discrete Comput.
Geom. '98, pages 142{147, December 1998. Revised
version submitted to LLNCS.

[29] S. E. Radford and C. M. Dobson. Insights into pro-
tein folding using physical techiniques: studies of
lysozyme and �-lactalbumin. Phil. Trans. R. Soc.
Lond., B348:17, 1995.

10



[30] G. N. Reeke, Jr. Protein folding: Computational ap-
proaches to an exponential-time problem. Ann. Rev.
Comput. Sci., 3:59{84, 1988.

[31] A.P. Singh, J.C. Latombe, and D.L. Brutlag. A mo-
tion planning approach to 
exible ligand binding. In
7th Int. Conf. on Intelligent Systems for Molecular
Biology (ISMB), pages 252{261, 1999.

[32] G. Song and N. M. Amato. A motion planning ap-
proach to folding: From paper craft to protein fold-
ing. In Proc. IEEE Int. Conf. Robot. Autom. (ICRA),
pages 948{953, 2001.

[33] G. Song and N. M. Amato. Using motion planning to
study protein folding pathways. In Proc. Int. Conf.
Comput. Molecular Biology (RECOMB), pages 287{
296, 2001.

[34] M. J. Sternberg. Protein Structure Prediction. OIRL
Press at Oxford University Press, 1996.

[35] S. A. Wilmarth, N. M. Amato, and P. F. Stiller.
MAPRM: A probabilistic roadmap planner with sam-
pling on the medial axis of the free space. In Proc.
IEEE Int. Conf. Robot. Autom. (ICRA), pages 1024{
1031, 1999.

11



0 100 200 300 400 500
−40

−20

0

20

40

60

80

100

Pathway #1

0 200 400 600
−50

0

50

100

Pathway #4

Path Steps

F
re

e 
E

ne
rg

y 
[k

ca
l/m

ol
] /

 N
at

iv
e 

C
on

ta
ct

s

1BDD

0 100 200 300 400 500
−40

−20

0

20

40

60

80

100

Pathway #2

0 100 200 300 400 500
−40

−20

0

20

40

60

80

100

Pathway #3

(a)

0 20 40 60 80
−100

−50

0

50

100

150

Pathway #1

0 50 100 150 200
−100

−50

0

50

100

150

Pathway #2

0 50 100 150
−100

−50

0

50

100

150

Pathway #3

0 50 100 150 200
−100

−50

0

50

100

150

Pathway #4

Path Steps

F
re

e 
E

ne
rg

y 
[k

ca
l/m

ol
] /

 N
at

iv
e 

C
on

ta
ct

s

1GB1

(b)

0 50 100 150
−100

−50

0

50

100

150

Pathway #1

0 50 100 150
−150

−100

−50

0

50

100

150

Pathway #2

0 50 100 150
−150

−100

−50

0

50

100

150

Pathway #3

0 20 40 60 80 100
−150

−100

−50

0

50

100

150

Pathway #4

Path Steps

F
re

e 
E

ne
rg

y 
[k

ca
l/m

ol
] /

 N
at

iv
e 

C
on

ta
ct

s

1COA

(c)

0 50 100 150
−100

−50

0

50

100

150

Pathway #1

0 50 100 150 200
−100

−50

0

50

100

150

Pathway #2

0 50 100 150 200
−100

−50

0

50

100

150

Pathway #3

0 50 100 150
−100

−50

0

50

100

150

Pathway #4

Path Steps

F
re

e 
E

ne
rg

y 
[k

ca
l/m

ol
] /

 N
at

iv
e 

C
on

ta
ct

s

1UBQ

(d)

Figure 7: Free energy pro�les, plotted in solid lines, for four folding pathways for proteins G, A, CI2, and Ubiquitin.
The number of native contacts along the paths are shown in the plot with dashed lines; note they are not monotonically
increasing.

12



Appendix

0 10 20 30 40 50 60

60

50

40

30

20

10

0

x
x

x
x

x

x

x
x

x

x
x

x

x

x

x

x
x

x

x

x

173

152

136

152

182

152

200

200

200

113

195

176

110199

131

185

140

139

200

190

@
@
@
@
@
@
@
@
@
@
@
@

@
@
@
@
@
@
@
@
@
@
@
@

(I)
(II)

@
@
@
@
@
@
@
@
@
@@

@
@
@
@
@
@
@
@
@
@@

(III)

@
@
@
@
@
@
@
@
@
@@

@
@
@
@
@
@
@
@
@
@@

(IV)

(V)

@
@
@
@
@
@

@
@
@
@
@
@

(I) (II)

@
@
@
@
@@

@
@
@
@
@@

(III)

@
@
@
@
@@

@
@
@
@
@@

(IV)

(V)

Figure 8: Protein A. The full contact matrix (right) and blow-ups (left) showing the time steps when the contacts appear
on our path. Blow-ups I, II, III, IV, and V correspond to the alpha helix 1 contacts, the 1-3 helix contacts, the alpha helix
2 contacts, the alpha helix 3 contacts, and the 2-3 helix contacts, respectively.
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Figure 9: Free energy landscape for other proteins. The line in the middle is the average free energy for all conformations
with the same number of native contacts. Provided that native contacts is a good reaction coordinate, this could be used
to study folding kinetics as done by other researchers.
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Figure 10: Free energy landscape for other proteins (continued). The line in the middle is the average free energy for all
conformations with the same number of native contacts. Provided that native contacts is a good reaction coordinate, this
could be used to study folding kinetics as done by other researchers.

15



0 50 100 150 200 250
−150

−100

−50

0

50

100

150

200

Path Steps

F
re

e 
E

ne
rg

y 
[k

ca
l/m

ol
] /

 N
at

iv
e 

C
on

ta
ct

s

1BRN

(a)

0 10 20 30 40
−100

−50

0

50

100

150

Pathway #1

0 5 10 15 20 25
−100

−50

0

50

100

150

Pathway #2

0 20 40 60
−100

−50

0

50

100

150

Pathway #3

0 10 20 30 40
−100

−50

0

50

100

150

Pathway #4

Path Steps

F
re

e 
E

ne
rg

y 
[k

ca
l/m

ol
] /

 N
at

iv
e 

C
on

ta
ct

s

1CSP

(b)

0 5 10 15 20 25
−100

−50

0

50

100

150

Pathway #1

0 5 10 15 20 25
−100

−50

0

50

100

150

Pathway #2

0 10 20 30 40
−150

−100

−50

0

50

100

150

Pathway #3

0 10 20 30 40 50
−100

−50

0

50

100

150

Pathway #4

Path Steps

F
re

e 
E

ne
rg

y 
[k

ca
l/m

ol
] /

 N
at

iv
e 

C
on

ta
ct

s

1MJC

(a)

0 10 20 30 40
−100

−50

0

50

100

150

Pathway #1

0 5 10 15 20
−100

−50

0

50

100

150

Pathway #2

0 10 20 30 40
−100

−50

0

50

100

150

Pathway #3

0 10 20 30
−100

−50

0

50

100

150

Pathway #4

Path Steps

F
re

e 
E

ne
rg

y 
[k

ca
l/m

ol
] /

 N
at

iv
e 

C
on

ta
ct

s

1NYF

(b)

0 50 100 150 200
−100

−50

0

50

100

150

Pathway #1

0 50 100 150 200
−100

−50

0

50

100

150

Pathway #2

0 50 100 150 200 250
−100

−50

0

50

100

150

Pathway #3

Path Steps

F
re

e 
E

ne
rg

y 
[k

ca
l/m

ol
] /

 N
at

iv
e 

C
on

ta
ct

s

1PBA

(a)

0 20 40 60 80
−100

−50

0

50

100

150

200

Pathway #1

0 20 40 60 80 100
−150

−100

−50

0

50

100

150

200

Pathway #2

0 20 40 60 80 100
−150

−100

−50

0

50

100

150

200

Pathway #3

0 50 100 150
−150

−100

−50

0

50

100

150

200

Pathway #4

Path Steps

F
re

e 
E

ne
rg

y 
[k

ca
l/m

ol
] /

 N
at

iv
e 

C
on

ta
ct

s

1PKS

(b)

Figure 11: Free energy pro�les, plotted in solid lines, for other proteins. Native contacts along the paths are also shown
in the plot with dashed lines. For some proteins, less than 4 pathways are found and shown.
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Figure 12: Free energy pro�les, plotted in solid lines, for additional proteins (continued). Native contacts along the paths
are also shown in the plot with dashed lines. For some proteins, less than 4 pathways are found and shown.
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